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GEOMETRIC LIMITS OF QUASI-FUCHSIAN GROUPS
TERUHIKO SOMA
Abstract. In this paper, we will determine the topological types of hyper-
bolic 3-manifolds H3/G such that G is a geometric limit of any algebraically
convergent sequence of quasi-Fuchsian groups.
Let ρn : Π −→ PSL2(C) (n ∈ N) be Kleinian representations from a torsion-free
non-abelian group Π. If {ρn} converges algebraically to a representation ρ∞, then
the sequence {Γn} with Γn = ρn(Π) has a subsequence converging geometrically to
a Kleinian group G containing Γ∞ = ρ∞(Π). Various results on the relationship
between Γ∞ and G have been obtained by Thurston [25, Chapters 8, 9], Kerckhoff
and Thurston [14], Ohshika [22, 23], Anderson and Canary [2, 3, 4], Brock [7]
and so on. Here, we are especially interested in geometric limits of quasi-Fuchsian
groups, which are fundamental geometrically finite Kleinian groups. Even if two
sequences {ρn}, {ρ′n} of quasi-Fuchsian representations have the same algebraic
limit, the sequences {ρn(Π)}, {ρ′n(Π)} do not necessarily have the same geometric
limit. This suggests that geometric limits have data which are not obtained from
any data of algebraic limits. In order to proceed furthermore with the study of
geometric limits G of quasi-Fuchsian groups, it would be meaningful for us to
understand the topological types of the hyperbolic 3-manifolds H3/G.
Let Σ be a closed orientable surface of genus greater than one. We fix a hyperbolic
structure on Σ for convenience, and set Π = pi1(Σ). In [12], Jørgensen and Marden
gave an example of faithful representations ζn : Z −→ PSL2(C) with ζn(1) loxo-
dromic such that the cyclic Kleinian groups ζn(Z) converge geometrically to a rank
two parabolic group. This is one of typical phenomena which appear in geometric
limits. In fact, Kerckhoff and Thurston [14] considered the cyclic action on the Bers
slice Bσ+ = Teich(Σ)×{σ+} at σ+ ∈ Teich(Σ) generated by the Dehn twist ϕ on Σ
along a simple closed geodesic l. Then they showed that any geometric accumula-
tion point of the orbit {(ϕn∗ (σ−), σ+)} ⊂ Bσ+ is a Kleinian group G such thatH
3/G
is homeomorphic to Σ× (0, 1)− l × {1/2} for any σ− ∈ Teich(Σ). Here a tubular
neighborhood of l×{1/2} in Σ× (0, 1) corresponds to a Z×Z-cusp of H3/G where
Jørgensen-Marden phenomenon occurs. By using this method iteratively, it is also
possible to construct an example of a geometric limit G′ of quasi-Fuchsian groups
such thatH3/G′ has infinitely many Z×Z-cusps. In particular, G′ is infinitely gen-
erated. Another important example of geometric limits of quasi-Fuchsian groups is
given by Brock [7]. He considered the cyclic action on a Bers slice generated by a
homeomorphism ψ : Σ −→ Σ such that ψ|IntH : IntH −→ IntH is pseudo-Anosov
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and ψ|(Σ − IntH) is the identity for a proper subsurface H of Σ. Then any geo-
metric accumulation point of the cyclic orbit {(ψn∗ (σ−), σ+)} ⊂ Bσ+ is a Kleinian
group G′′ such thatH3/G′′ is homeomorphic to Σ×(0, 1)−H×{1/2}. However, all
of these examples are very special ones. In this paper, we will present what kinds
of topological types appear generally in geometric limits of quasi-Fuchsian groups.
Let prhz : Σ × I −→ Σ and prvt : Σ × I −→ I be the projections onto the first
and second factors, where I is the closed interval [0, 1]. For any y ∈ I, the preimage
Σy = pr
−1
vt (y) is supposed to have the hyperbolic structure such that the restriction
prhz|Σy : Σy −→ Σ is an isometry.
Let X be the closed subset of Σ× I given below. Set Y = prvt(X ), Xy = Σy ∩X
for y ∈ Y, Λ+y = Σy ∩ (Σ× (y, 1] ∩ X ) for y < 1 and Λ
−
y = Σy ∩ (Σ× [0, y) ∩ X )
for y > 0. Consider a maximal open geodesic subsurface Z(Λεy) of Xy disjoint from
Λεy, which is determined uniquely by Lemma 2.4. Let λ(Λ
ε
y) be the union of all
simple geodesic loops l in Xy \Z(Λεy) each of which has a free side with respect to
Λεy, that is, for the δ-neighborhood Nδ(l,Σy) with sufficiently small δ > 0, at least
one component of Nδ(l,Σy) \ l is disjoint from Λεy, see Fig. 2.5 in Subsection 2.2.
From the definition, we know that λ(Λεy) contains the frontier Fr(Xy) of Xy in Σy.
Moreover, by Lemma 2.5, λ(Λεy) is a disjoint union of geodesic loops.
Theorem A. Let {ρn : Π −→ PSL2(C)}
∞
n=1 be any algebraically convergent se-
quence of quasi-Fuchsian representations such that {ρn(Π)}∞n=1 converges geomet-
rically to a Kleinian group G. Then the Kleinian 3-manifold H3 ∪ Ω(G)/G is
homeomorphic to Σ × I \ X such that X is a closed subset of Σ × I satisfying the
following conditions (i)-(iii).
(i) Σ× I \ X is connected and contains Σ1/2.
(ii) For any y ∈ Y, Xy is a disjoint union of a geodesic subsurface and simple
geodesic loops in Σy. Moreover, for ε = ±, each component of Z(Λεy) is not
homeomorphic to an open pair of pants.
(iii) For any y, z ∈ Y with y < z, if a component ly of λ(Λ+y ) is parallel to a
component lz of λ(Λ
−
z ) in Σ × I \ X , then ly and lz are horizontally parallel
to each other in X .
Theorem A is proved by using the fact that H3 ∪ Ω(G)/G admits a block de-
composition (see Proposition 3.3). However, we should remark that an open set
in Σ × I admitting a block decomposition does not necessarily have a hyperbolic
structure. In fact, if a closed subset of Σ× I satisfies the conditions (i) and (ii) but
does not (iii), then the complement can not be a hyperbolic manifold.
Any component of Z(Λεy) (resp. of Σ0 ∪Σ1 \ X ) is called a non-peripheral (resp.
peripheral) front of X . It follows from Theorem A that Ω(G)/G is homeomorphic
to the union Σ0 ∪ Σ1 \ X of peripheral fronts. Though in general the hyperbolic
3-manifold H3/G has infinitely many ends, this fact shows that the end of H3/G
corresponding to any non-peripheral front of X is geometrically infinite.
From now on, we call that any closed subset X of Σ× I satisfying the conditions
(i)-(iii) in Theorem A is crevasse of Σ× I.
Remark 0.1. In particular, Theorem A implies that, for any geometric limit G of
an algebraically convergent sequence {ρn} of quasi-Fuchsian representations,H
3/G
is homeomorphic to an open subset of Σ × (0, 1). This fact is also announced by
Brock, Canary and Minsky [8].
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Theorem B. For any crevasse X , there exists a geometric limit G of an alge-
braically convergent sequence of quasi-Fuchsian representations such that H3 ∪
Ω(G)/G is homeomorphic to Σ× I \ X .
Remark 0.2. Though the statement of Theorem B concerns only the topological
type of H3/G, the proof given later says about some of geometric structures on
H3/G. In fact, one can construct G so that the end E(F ) ofH3/G corresponding to
any front F of X has an arbitrarily given ending data. Here the ending data means
the conformal structure on the corresponding boundary component at infinity if F
is peripheral and the ending lamination of E(F ) if F is non-peripheral.
The following problem is the geometric limit version of the Ending Lamination
Theorem proved by Minsky [19, 20], Brock, Canary and Minsky [8] and so on.
Problem 0.3. Let X be a crevasse, and let Gi (i = 1, 2) be geometric limits of
algebraically convergent sequences of quasi-Fuchsian groups with homeomorphisms
hi : H
3/Gi −→ Σ× I \ X . Is h
−1
2 ◦ h1 : H
3/G1 −→ H
3/G2 properly homotopic to
an isometry if, for any front F of X , the corresponding ends Ei(F ) of H3/Gi have
the same ending data ?
The paper is organized as follows. Section 1 gives the fundamental notation
and definitions needed in later sections. In Section 2, topological and geometrical
properties of block complexes and crevasses are studied. In particular, Proposition
2.1 shows that any infinite block admits an embedding into Σ × I. Moreover, we
prove that the complement of any crevasse in Σ × I admits an (in)finite block
decomposition. Section 3 shows that the geometric limit manifold M = H3/G has
a block complex structure, which is a key fact for the proof of Theorem A. Section
4 presents the proof of Theorem A. Finally, in Section 5, we will prove Theorem B.
Acknowledgement. The author would like to thank Ken’ichi Ohshika for helpful
comments and suggestions.
1. Preliminaries
First of all, we will review briefly the fundamental notation and definitions
needed in the paper, and refer to Thurston [25], Benedetti and Petronio [5], Mat-
suzaki and Taniguchi [17], Canary, Epstein and Green [9] and so on for details
on hyperbolic geometry, and to Fathi, Laudenbach and Poe´naru [10] for measured
foliations (laminations).
Let A be a closed subset of a metric space (X, d). For any R > 0, the R-
neighborhood {x ∈ X ; d(x,A) ≤ R} is denoted by NR(A,X) (or NR(A) for sim-
plicity). In the case when A is a one point set {x}, the R-neighborhood is also
denoted by BR(x,X) and said to be the ball in X of radius R centered at x. The
closure of A in X is denoted by A. The frontier Fr(A) of A in X is the inter-
section A ∩ X −A. For example, if X = R × [0, 1] and A = (0, 1] × [0, 1], then
Fr(A) = {0, 1} × [0, 1].
Throughout the remainder of this paper, we suppose that I is the closed interval
[0, 1] and Σ is a closed orientable surface with a fixed hyperbolic structure. A
compact subsurface F of Σ is geodesic if each component of ∂F is a geodesic loop
in Σ. Geodesic subsurfaces (resp. simple geodesic loops) of Σ are simply called
g-subsurfaces (resp. g-loops) of Σ. The complement in Σ of a disjoint union of
g-subsurfaces and g-loops in Σ is called an open g-subsurface of Σ. Note that, for
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an open g-subsurface F , the frontier Fr(F ) of F in Σ may have a g-loop component
contained in Int(F ) for the closure F of F in Σ.
Hyperbolic 3-space H3 is the Riemannian 3-manifold with the underlying space
C × R+ = {(z, t) ∈ C × R; t > 0} and the metric ds2 = (|dz|2 + dt2)/t2. One
can regard that the Riemann sphere Ĉ = C ∪ {∞} is the boundary ∂H3 of H3.
The group Isom+(H3) of orientation-preserving, isometric transformations on H3
is naturally identified with the group PSL2(C) of Mo¨bius transformations on Ĉ.
A Kleinian group is a discrete subgroup of PSL2(C). In this paper, we always
assume that all Kleinian groups Γ are torsion-free, or equivalently Γ contains no
elliptic elements. For a Kleinian group Γ, the quotient space M = H3/Γ is called
a hyperbolic 3-manifold. The limit set Λ(Γ) of Γ is the set of accumulation points
of the orbit space Γx0 in the 3-ball H
3 ∪ ∂H3 for a fixed point x0 ∈ H
3. Note
that Λ(Γ) is contained in ∂H3. The complement Ω(Γ) = ∂H3 \ Λ(Γ) is called
the domain of discontinuity of Γ. One can suppose that M is the interior of the
manifold H3 ∪ Ω(Γ)/Γ, which is called the Kleinian manifold with the interior M
and denoted byM ♮. The convex hull HΓ of Λ(Γ) inH
3 is Γ-invariant. The quotient
CΓ = HΓ/Γ is called the convex core of M . By Marden [15], CΓ is homeomorphic
to M ♮ if Γ is not conjugate in PSL2(C) to a subgroup of PSL2(R). The Kleinian
group is geometrically finite if the volume of the δ-neighborhood of HΓ in M is
finite. For an ε > 0, the ε-thin part Mthin(ε) of M is the set consisting of all points
x ∈M such that there exists a non-contractible loop l inM with l ∋ x and of length
≤ ε. The complementMthick(ε) =M \ IntMthin(ε) is called the ε-thick part ofM . A
Margulis tube is an embedded, equidistant, tubular neighborhood of a short closed
geodesic in M . A Z or a Z×Z-cusp P is a subset of M such that each component
of p−1(P ) is a horoball the stabilizer of which in Γ is isomorphic to either Z or
Z×Z, where p : H3 −→M is the universal covering. By the Margulis Lemma [25,
Corollary 5.10.2], there exists a constant δ0 > 0 independent of Γ, called a Margulis
constant, such that, for any ε > 0 less than δ0, each component ofMthick(ε) is either
a Margulis tube or Z or Z × Z-cusp. Let Mp:thin(ε) be the union of all parabolic
cusp components of Mthin(ε). We denote M \ IntMp:thin(ε) by Mp:thick(ε).
A sequence {Γn} of Kleinian groups converges geometrically to a subgroup G of
PSL2(C) if (i) each γ ∈ G is the limit of a sequence {γn} with γn ∈ Γn and (ii)
the limit of any convergent sequence {γni} with γni ∈ Γni is an element of G. We
set Nn = H
3/Γn and M∞ = H
3/G. A homeomorphism g : (X, dX) −→ (Y, dY )
between metric spaces is called a K-bi-Lipschitz map for a K ≥ 1 if g satisfies
dX(x, y)/K ≤ dY (g(x), g(y)) ≤ KdX(x, y) for all x, y ∈ X . It is well known that
{Γn} converging geometrically to G is equivalent to the existence ofKn-bi-Lipschitz
homeomorphisms gn : BRn(xn, Nn) −→ BRn(z∞,M∞) with Kn ց 1, Rn ր ∞ for
a suitable choice of their base points xn ∈ Nn, z∞ ∈M∞. Refer to [12], [5, Chapter
E] for more details on properties of geometric limit groups.
The holonomy ρ : Π = pi1(M) −→ PSL2(C) of a hyperbolic 3-manifold M is a
faithful discrete representation. We call that such a ρ is a Kleinian representation.
A sequence {ρn} of Kleinian representations of Π converges algebraically to a rep-
resentation ρ∞ : Π −→ PSL2(C) if, for each γ ∈ Π, {ρn(γ)} converges to ρ∞(γ) in
PSL2(C). If Π is non-elementary, that is, Π contains no abelian subgroups of finite
index, then the algebraic limit ρ∞ is also a Kleinian representation (see [17, Theo-
rem 7.12]). Moreover, {ρn(Π)} has a subsequence {ρj(Π)} converges geometrically
to a Kleinian group G ⊃ ρ∞(Π) (see [25, Corollary 9.1.8]). We refer to Kerckhoff
GEOMETRIC LIMITS OF QUASI-FUCHSIAN GROUPS 5
and Thurston [14] and Brock [7] for typical examples of geometric limits of such
sequences which are not equal to their algebraic limits. The subsequence {ρj} is
said to converge strongly to ρ∞ if ρ∞(Π) = G.
We are above all interested in the case of Π = pi1(Σ). A Kleinian representation
ρ : Π = pi1(Σ) −→ PSL2(C) is called quasi-Fuchsian if the limit set of Γ = ρ(Π)
is a Jordan curve in Cˆ. It is well known that, if ρ is quasi-Fuchsian, then Γ is
geometrically finite and H3 ∪Ω(Γ)/Γ is homeomorphic to Σ× I.
Throughout the remainder of this section, suppose that F is either Σ itself or an
open g-subsurface of Σ.
A (geodesic) lamination λ on F is a compact subset of F consisting of mutually
disjoint, simple geodesics, which are called leaves of λ. A lamination λ is full if
λ is not a proper sub-lamination of any other lamination on F . If a lamination λ
on F has an invariant transverse measure, then it is called a measured lamination.
Let ML0(F ) be the set of all measured laminations on F , and let PL0(F ) =(
ML0(F ) \ {0}
)
/ ∼ be its projective space, where λ, λ′ ∈ ML0(F ) \ {0} being
equivalent, λ ∼ λ′, means λ = rλ′ for some r > 0 and the equivalence class is
denoted by [λ] ∈ PL0(F ). The standard topology on ML0(F ) and the quotient
topology on PL0(F ) are given in [25, Section 8.10]. Then PL0(F ) is homeomorphic
to the (6h− 7 + 2b)-dimensional sphere S6h−7+2b (see [26], [10, Expose´ 6]), where
h is the genus of F and b is the number of components of Fr(F ). In particular,
if F is not an open pair of pants, then dimPL0(F ) 6= 0. Let Teich(F ) be the
Teichmu¨ller space of complete hyperbolic structures on F of finite area, and let
Teich(F ) = Teich(F )∪PL0(F ) be the Thurston compactification of Teich(F ) given
in [26], see also [10, Expose´ 8].
A pi1-injective proper map f from F (σ) with σ ∈ Teich(F ) to a hyperbolic 3-
manifold M is called a pleated map realizing a geodesic lamination λ in F (σ) if f
satisfies the following conditions.
(i) f maps each parabolic cusp of F (σ) into a parabolic cusp in M .
(ii) f is arcwise isometric, that is, for any rectifiable path α in F (σ), f(α) is also
a rectifiable path in M with lengthF (σ)(α) = lengthM (f(α)).
(iii) f(l) is a geodesic in M for each leaf l of λ.
(iv) f |∆ is a totally geodesic immersion into M for each component ∆ of Σ \ λ.
Then the image f(F ) is called a pleated surface realizing λ. If T is an open pair of
pants, then any pleated map f : T −→M is a totally geodesic immersion.
Let f : F −→ M be a pi1-injective proper embedding excising from M a sub-
manifold E facing an end E of M . Consider the case when F does not contain any
g-loop l such that f(l) is homotopic in E to a Z-cusp of M . Then we say that E
is a geometrically finite end if there exists a collar neighborhood N(f(F )) of f(F )
in E homeomorphic to F × I and such that ∂N(f(F )) \ f(F ) is locally convex in
N(f(F )). If E is not geometrically finite, then it is called a geometrically infinite
end. We refer to Bonahon [6] for various results and properties on such ends. Note
that, if Γ is geometrically finite, then each end of M is geometrically finite.
2. Block complexes
Recall that prhz : Σ × I −→ Σ and prvt : Σ × I −→ I are the projections onto
the first and second factors respectively. The preimage pr−1vt (y) = Σ× {y} (y ∈ I)
is denoted by Σy. For any subset R of either Σy or Σ and a subinterval J (resp. a
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point a) of I, the subset prhz(R)× J (resp. prhz(R) × {a}) of Σ× I is denoted by
RJ (resp. R{a}). In particular, R = R{y} if R ⊂ Σy.
First of all, we will present the definition of block complexes. Let F be either an
open g-subsurface in Σ or Σ itself. For any 0 ≤ a < b ≤ 1, F(a,b), F(a,1], F[0,b) and
F[0,1] are called blocks in Σ× I. The frontier Fr(B) of a block B = FJ is F∂J . An
open subsurfaces F{c} in Fr(B) is a non-peripheral front (resp. peripheral front) of
B if c 6∈ J (resp. c ∈ J). From the definition, any peripheral front of B is contained
in (Σ0 ∪Σ1)∩B. Note that, though F{0} is a subset of Σ0, F{0} is a non-peripheral
front of F(0,b). The union of B ∪ Fr(B) is denoted by B
•. For a block B = FJ , let
α(B), β(B) be the elements of ∂J with α(B) < β(B). For example α(F[0,b)) = 0
and β(F[0,b)) = b.
We say that a set K = {B0, B1, . . . , Bn} of finitely many mutually disjoint blocks
is a block complex if it satisfies the following conditions.
(i) B0 contains Σ1/2.
(ii) If B•i ∩B
•
j 6= ∅ for i 6= j, then the intersection Jij is a (possibly disconnected)
open g-subsurface, which is called the joint of Bi and Bj .
(iii) The union |K| of all blocks in K and their joints, called the support of K, is
connected.
In particular, the support |K| of any block complex is a 3-manifold containing
Σ1/2 and with ∂|K| = |K|∩(Σ0∪Σ1). Two block complexes K and K
′ are equivalent
to each other if there exists a homeomorphism h : |K| −→ |K′| which maps each
block of K onto a block of K′ and h|Σ1/2 is the identity of Σ1/2. We should remark
that the complements Σ× I \ |K| and Σ× I \ |K′| do not necessarily have the same
topological type even if K is equivalent to K′.
2.1. Embeddings of infinite block complexes. Let {Kn}∞n=1 be a sequence of
block complexes with Kn $ Kn+1. The union K∞ =
⋃∞
n=1Kn is called an infinite
block complexes with support |K∞| =
⋃∞
n=1 |Kn|.
The following proposition is crucial in the proof of Theorem A.
Proposition 2.1. Let L =
⋃∞
n=1 Ln be a topological space with Ln $ Ln+1 (n =
1, 2, . . . ) and admitting embeddings ηn : Ln −→ Σ × I satisfying the following
conditions.
(i) For any n, the image ηn(Ln) is the support of a block complex Kn.
(ii) Each ηn+1 ◦ η−1n : |Kn| −→ |Kn+1| defines an equivalence from Kn to a block
subcomplex of Kn+1.
Then there exists an embedding h∞ : L −→ Σ× I such that h∞(Ln) is the support
of a block complex K′n which is equivalent to Kn via ηn ◦ h
−1
∞ . In particular, h∞(L)
is the support of the infinite block complex K∞ =
⋃∞
n=1K
′
n.
For any integers n,m with 1 ≤ n ≤ m, let Km;n be the subcomplex of Km
with |Km;n| = ηm(Ln). The sequence {Knk;k} is called a subcomplex-subsequence
of {Kn} if {Knk} is a subsequence of {Kn}. We often denote the new sequence
again by {Kk} for simplicity, that is, Knewk = K
old
nk;k
and ηnewk = η
old
nk
|Lk.
For any block B
(n)
i of Kn and any m ≥ n, the block ηm ◦ η
−1
n (B
(n)
i ) in Km is
denoted by B
(m)
i . Set αi,n = α(B
(n)
i ) and βi,n = β(B
(n)
i ) for short. Let Tn be the
finite subset of I consisting of the numbers αi,n, βi,n for all B
(n)
i ∈ Kn. Consider
the correspondence τn,m : Tn −→ Tm which transfers αi,n, βi,n respectively to
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αi,m, βi,m. Note that τn,m is not necessarily a map. In fact, it may occur that
αi,n = αj,n (resp. αi,n = βj,n) but αi,m 6= αj,m (resp. αi,m 6= βj,m) and so on.
For the proof, we need the following two rearrangements on Kn.
Rearrangement I. If necessary passing to a subcomplex-subsequence of {Kn}, we
may assume that for any n,m with n ≤ m, the correspondence τn,m : Tn −→ Tm is
an order-preserving map. Deform the new Kn’s by horizontal ambient isotopies of
Σ× I, we may assume that αi,n = αi,m, βi,n = βi,m for any n,m with n ≤ m and i
with B
(n)
i ∈ Kn. In particular, Tn ⊂ Tm.
Rearrangement II. Set Tn = {a0, a1, . . . , at} with aj−1 < aj , Pnj = Σ[aj−1,aj]
for j = 1, . . . , t and Rnj = η
−1
n (P
n
j ), see Fig. 2.1. If necessary passing again to a
Figure 2.1. The union of the shaded regions in the left (resp.
right) hand side is ηn(R
n
3 ) (resp. ηn(R
n
10)).
subcomplex-subsequence of {Kn}, we may assume that all ηm|Rnj (m ≥ n) define
the same embedding up to marking, that is, there exists an orientation-preserving
homeomorphism γm,n : P
n
j −→ P
n
j with γm,n ◦ ηm|R
n
j = ηn|R
n
j for all m ≥ n.
We say that S
(n)
c = Σc \ |Kn| with c ∈ I is the slit for |Kn| at c. By Rearrange-
ments I and II, for all sufficiently large n, S
(n)
c have the same topological type. Set
−χmin(S
(n)
c ) = minm≥n{−χ(S
(m)
c )}. The slit S
(n)
c is stable if all S
(m)
c (m ≥ n)
are homeomorphic to each other or equivalently −χ(S
(n)
c ) = −χmin(S
(n)
c ). Let T ′∞
be the set of accumulation points of T∞ =
⋃
n≥1 Tn. For c ∈ T
′
∞, suppose that
B
(n)
1 , . . . , B
(n)
k are the blocks in Kn with B
(n)•
i ∩ Σc 6= ∅. Take δ > 0 sufficiently
small so that Σ[c−δ,c) ∪ Σ(c,c+δ] does not meet any fronts of B
(n)
i (i = 1, . . . , k).
Then the set
Qδ(S
(n)
c ) =
(
Σ[c−δ,c) ∪ Σ(c,c+δ] \B
(n)
1 ∪ · · · ∪B
(n)
k
)
∪ S(n)c
is called the δ-region of the slit S
(n)
c for |Kn|, see Fig. 2.2. For any integer s ≥ 1,
let T ′∞,s be the subset of T
′
∞ consisting of elements c ∈ T
′
∞ with −χmin(S
(n)
c ) = s.
Suppose that S
(n)
c is stable. If S
(n)
d (d ∈ T
′
∞) is contained in Qδ(S
(n)
c ) \ S
(n)
c
and satisfies −χmin(S
(n)
d ) = s, then S
(n)
d is parallel to S
(n)
c in Σ × I \ |Kn| for all
sufficiently large n. Thus there exists δ(c) > 0 for c ∈ T ′∞,s independent of n such
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Figure 2.2. The union of the bold vertical segments represents
S
(n)
c . The union of S
(n)
c and the shaded regions is Qδ(S
(n)
c ).
that −χmin(S
(n)
d ) < s if S
(n)
d ⊂ Qδ(c)(S
(n)
c ) \ S
(n)
c . In particular, this implies that
all T ′∞,s and hence T
′
∞ are countable subsets of I.
Let F be a g-subsurface of Σa with 0 < a < 1 and ϕ : F −→ F an orientation-
preserving homeomorphism such that ϕ|∂F is the identity of ∂F . Consider the
3-manifold Mϕ obtained from Σ× I \ IntF by identifying the (±)-sides F (±) of F
via ϕ : F (−) −→ F (+). Then Σ× I \ IntF is naturally regarded as a subset of Mϕ.
We say that Mϕ is the manifold obtained from Σ× I \ IntF by the ϕ-sliding along
F . There exists a homeomorphism ξ0 : Mϕ −→ Σ × I such that the restriction
ξ0|(Σ × I \ C0) is the identify, where C0 is either F[0,a) or F(a,1]. The C0 is called
the affected region of the sliding, see Fig. 2.3 (a). For the proof of Proposition
Figure 2.3. The shaded parts represent the affected regions.
2.1, we reduce the affected region by adopting the following minor trick. Let H
be a non-peripheral vertical g-subsurface in Σ × I not in Σa, say H ⊂ Σb for
some 0 < b < a, with prhz(H) ⊃ prhz(F ). Then there exists a homeomorphism
ξ1 :Mϕ\H −→ Σ×I \H such the the affected region is C1 = F(b,a), see Fig. 2.3 (b).
In the case when there exists another g-subsurface J of Σc for some b < c < a
satisfying prhz(IntF ) ∩ prhz(IntJ) 6= ∅ and prhz(F ) \ prhz(J) 6= ∅. Then we do not
count on any partial contribution of J to the reduction of the affected region of the
ϕ-sliding. More precisely, the homeomorphism ξ2 :Mϕ \H ∪ J −→ Σ× I \H ∪ J ′
is the restriction of ξ1, where J
′ = ξ1(J). In particular, the affected region of ξ2 is
C1 \J . If the affected region is contained a subset Q of Σ× I, then we say that the
effect of the sliding is absorbed in Q.
GEOMETRIC LIMITS OF QUASI-FUCHSIAN GROUPS 9
Proof of Proposition 2.1. For any n ≥ 2, ηn−1 : Ln−1 −→ Σ × I is an embedding
with ∂Ln−1 = η
−1
n−1(Σ0 ∪Σ1), but in general ηn|Ln−1 is not equal to ηn−1. We set
hn−1 = ηn−1 for some n ≥ 2 and Tn = {a0, a1, . . . , at} as above. By Rearrangement
II, for any j = 1, . . . , t, there exists an embedding hˆjn : R
j
n −→ P
j
n such that
hˆjn|R
j
n ∩ Ln−1 = hn−1|R
j
n ∩ Ln−1. Note that the union of hˆ
j
n does not necessarily
define an entire embedding from Ln to Σ× I. Let Tˆn be the subset of Tn consisting
of elements aj ∈ Tn with −χ(S
(n−1)
aj ) > −χ(S
(n)
aj ), where S
(n−1)
aj = Σaj \|Kn−1| and
S
(n)
aj = Σaj \ |Kn|. In particular, c ∈ Tˆn implies that S
(n−1)
c is unstable. There exist
orientation-preserving homeomorphisms ϕaj : S
(n−1)
aj −→ S
(n−1)
aj (aj ∈ Tˆn) such
that ϕaj |∂S
(n−1)
aj is the identity of ∂S
(n−1)
aj and
⋃t
j=1 hˆ
j
n extends to an embedding
hˆn : Ln −→ Mn with hˆn|Ln−1 = hn−1, where Mn is the manifold obtained from
Σ× I \
⋃
aj∈Tˆn
S
(n−1)
aj by the ϕaj -slidings. Let S
(n)
∞ be the union of stable slits S
(n)
c
with c ∈ T ′∞ \ Tˆn. Then S
(n)
∞ ⊂ Σ × I \
⋃
aj∈Tˆn
S
(n−1)
aj is naturally regarded as a
subset of Mn. We have a homeomorphism ξn :Mn \ S
(n)
∞ −→ Σ× I \ S
(n)
∞
′
which is
the identity on the complements of the union of the affected regions of these ϕaj -
slidings, where S
(n)
∞
′
is the union of vertical g-subsurfaces in Σ × I corresponding
to the slits in S
(n)
∞ . Then hn = ξn ◦ hˆn : Ln −→ Σ × I is an embedding such that
hn(Ln) is the support of a block complex equivalent to Kn, but in general hn is no
longer an extension of hn−1. For all m ≥ n, an embedding hm is defined similarly.
We will see that {hn} defines the same map eventually.
Take any subset B of Lm with B
(m) = ηm(B) ∈ Km. For any c ∈ T ′∞, one can
take δ(c) > 0 sufficiently small and suitably so that (i) Qδ(c)(S
(w)
c ) is disjoint from
B(w) = ηw(B) for all w ≥ m and (ii) either [c−δ(c), c+δ(c)] and [c′−δ(c′), c′+δ(c′)]
are mutually disjoint or one of them contains the other for any c, c′ ∈ T ′∞. Since
T∞ ∪ T ′∞ is compact, there exists a finite subset {c1, . . . , ck} of T
′
∞ such that T∞ \⋃k
i=1[ci − δ(ci), ci + δ(ci)] contains only finitely many elements b1, . . . , bu, see Fig.
2.4. Take w0 ∈ N such that S
(w0)
j is stable for all j ∈ {b1, . . . , bu, c1, . . . , ck}, that
Figure 2.4.
is, all slidings along slits at b1, . . . , bu, c1, . . . , ck are already finished until the w0-th
step. Since the effect of any sliding along the slit S
(w)
d at d ∈ [ci−δ(ci), ci+δ(ci)] is
10 TERUHIKO SOMA
absorbed in Qδ(ci)(S
(w)
ci ) and B
(w)∩Qδ(ci)(S
(w)
ci ) = ∅ for i = 1, . . . , k and w ≥ w0, it
follows that all hw|B with w ≥ w0 are the same map. Thus our desired embedding
h∞ : L −→ Σ× I is well defined by h∞|B = hw0 |B. 
2.2. Properties of crevasses. Here we study topological properties of a crevasse
X , that is, X is a closed subset of Σ×I satisfying the conditions (i)-(iii) in Theorem
A.
Set Y = prvt(X ) and Xy = X ∩ Σy (y ∈ Y). Since X is closed, both Λ
+
y =
Σy ∩ Σ(y,1] ∩ X and Λ
−
y = Σy ∩ Σ[0,y) ∩ X are contained in Xy. For a g-loop l of
Σ, l[z,w] with 0 ≤ z < w ≤ 1 is called a horizontal annulus. A g-loop my ⊂ Xy is
parallel to a g-loop mz ⊂ Xz in Σ× I \ X if there exists a continuous map h from
an annulus A to Σ × I with h(∂A) = my ∪mz and h(IntA) ⊂ Σ × I \ X . These
loops are horizontally parallel in X if there exists a horizontal annulus A′ contained
in X with ∂A′ = my ∪mz.
For y ∈ Y, let Z(Λεy) be a maximal open g-subsurface of Xy disjoint from Λ
ε
y.
A component of Z(Λεy) is called a non-peripheral front of X , and a component of
Σ0 ∪Σ1 \X is a peripheral front of X . As was defined in Introduction, λ(Λεy) is the
union of g-loops in Xy \ Zy(Λεy) each of which has a free side with respect to Λ
ε
y.
The definition implies that λ(Λεy) ⊃ Fr(Xy), see Fig. 2.5.
Figure 2.5. The case of Λεy = l1 ∪Λ1 ∪Λ2 and Fr(Xy) = l2. The
union of the two white parts is Z(Λεy) and λ(Λ
ε
y) = l1 ∪ l2 ∪m1 ∪
m2 ∪m3.
In Lemmas 2.2-2.5, we only consider Λ+y . It will be seen easily that the corre-
sponding assertions for Λ−y hold.
Lemma 2.2. If l is a g-loop in λ(Λ+y ) with l ∩ Λ
+
y 6= ∅, then there exists a collar
neighborhood N of l in Σy and a constant η = η(y) > 0 such that N(y,y+η] ∩ X =
l(y,y+η]. In particular, l is contained in Λ
+
y , e.g. m2 in Fig. 2.5.
Proof. Since l has a free side with respect to Λ+y , for a sufficiently small δ > 0,
at least one component N ′ of Nδ(l,Σy) \ l is disjoint from Λ+y . Then N = N
′ ∪ l
is an annulus with ∂N = ∂N ′ ∪ l. For any x ∈ l ∩ Λ+y , there exists a sequence
{xn} with xn ∈ Xyn (yn ց y) converging to x. Let Rn be the component of
Xyn containing xn. Since N
′ ∩ Λ+y = ∅, the intersection ∂N
′ ∩ (Rn){y} is empty
for all sufficiently large n ∈ N. Since l is a deformation retract of the annu-
lus N , N ∩ (Rn){y} ⊂ l. Thus we have n0 ∈ N such that N
′
(y,yn0 ]
∩ X = ∅.
Since {(xn){y}} → x in Σy, ∂Rn has a component ln with (ln){y} = l. We set
η = yn0 − y. For any n ≥ n0, there exists an embedded annulus A in N(y,y+η] with
IntA ⊂ N ′(y,y+η] and ∂A = A ∩ l(y,y+η] = ln ∪ ln+1, see Fig. 2.6. By the condition
(iii), l[yn,yn+1] is contained in X . From this, we know that l(y,y+η] ⊂ X and hence
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Figure 2.6. The black part represents X .
N(y,y+η] ∩ X = l(y,y+η]. 
Remark 2.3. In the proof of Lemma 2.2, we only use the weak version of the
condition (iii) such that, for any y, z ∈ Y with y < z, if a component ly of Fr(Xy)
is parallel to a component lz of Fr(Xz) in Σ× I \X , then ly and lz are horizontally
parallel in X . This fact is crucial in the proof of Theorem A.
A disjoint union of g-loops and g-subsurfaces in Σy is called a g-l-subsurface of
Σy. Note that ∆(Λ
+
y ) = Xy \ Z(Λ
+
y ) is a minimal g-l-subsurface of Xy containing
Λ+•y = Λ
+
y ∪ Fr(Xy).
Lemma 2.4. Z(Λ+y ) is determined uniquely.
Proof. Let ∆1, ∆2 be minimal g-l-subsurfaces of Xy containing Λ
+•
y . Suppose that
∆1 6= ∆2. Then some component l1 of Fr(∆1) meets a component l2 of Fr(∆2)
non-trivially and transversely, otherwise ∆1 ∩∆2 would be a g-l-subsurface of Σy
containing Λ+•y with ∆1 ∩∆2 $ ∆i for at least one i of {1, 2}. If li ∩ Λ
+•
y 6= ∅ for
an i ∈ {1, 2}, then by Lemma 2.2 li would be contained in Λ+•y ⊂ ∆3−i, a contra-
diction. Thus ∆1 \ l1 ∪ l2 contains Λ+•y . Let ∆
′
1 be the union of all components of
∆1\l1∪l2 meeting Λ+•y non-trivially, and ∆ˆ1 a (uniquely determined) g-l-subsurface
in ∆′1 such that each component of ∆
′
1 \ ∆ˆ1 is an open annulus. As in the proof of
Lemma 2.2, there exists η > 0 such that, for any z ∈ Y with 0 < z− y ≤ η, (Xz){y}
is contained in ∆′1. Since ∆ˆ1 is a deformation retract of ∆
′
1 with Fr(∆ˆ1) geodesic,
we have (Xz){y} ⊂ ∆ˆ1. It follows that Λ
+•
y is contained in ∆ˆ1. This contradicts
the minimality of ∆1, and hence ∆1 = ∆2. 
Lemma 2.5. λ(Λ+y ) is a disjoint union of g-loops in Σy.
Proof. This lemma is proved by an argument quite similar to that in Lemma
2.4. If l1, l2 were g-loops in λ(Λ
+
y ) meeting non-trivially and transversely, then
∆(Λ+y )\ l1∪ l2 would contain a g-l-subsurface ∆ˆ with ∆ˆ ⊃ Λ
+•
y , a contradiction. 
2.3. Block complexes and crevasses. Let X be any crevasse in Σ× I. Set
L = Σ× I \ X .
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For any a ∈ I, a subsurface of Σa is called a vertical surface in Σ × I. Suppose
that F = FX is the set of vertical open g-subsurfaces F in L with Fr(F ) ⊂ X and
fibers Σy disjoint from X . Then the union
⋃
F∈F Fr(F ) consists of mutually disjoint
horizontal annuli and g-loops. Let PX be the set of all such annuli and loops. An
element y ∈ Y \ {0, 1} is irregular if Σy either contains a g-loop element of PX
or meets two annulus components of PX one of which is contained in Σ[0,y] and
the other in Σ[y,1]. The subset Y
′ of Y consisting of all irregular elements and the
elements in {0, 1}∩Y is a countable set, Y ′ = {y1, y2, . . . }. Replacing (Σyn , Xyn) in
(Σ×I,X ) by the saturated pair (Σyn× [0, 2
−n], Xyn× [0, 2
−n]) for each yn ∈ Y ′, we
have a new crevasse X ′ in Σ× [0, 2] such that Σ× [0, 2] \X ′ is homeomorphic to L.
Squeezing Σ× [0, 2] in half, we may assume that X ′ is a crevasse in Σ× I and call
it a saturated crevasse obtained from X . Note that (i) each element of PX ′ consists
of horizontal annuli, (ii) for any F ∈ FX ′, there exists another F ′ ∈ FX ′ properly
isotopic to F in L and (iii) any non-peripheral front of X ′ is not in Σ0 ∪ Σ1. An
element H ∈ FX ′ is critical if H ∩ (Σ0 ∪Σ1) = ∅ and at least one of components of
Fr(H) is an edge of an annulus in PX ′ .
Lemma 2.6. For any crevasse X , there exists a crevasse Xˆ satisfying that Lˆ =
Σ× I \ Xˆ is homeomorphic to L and admits a block decomposition Kˆ such that any
maximal open horizontal annulus in Lˆ meets only finitely many blocks in Kˆ.
Proof. We may assume that X is a saturated crevasse. Let Fn.c. be the subset of
F = FX consisting of non-critical elements. For any F ∈ Fn.c., let BF be the union
of elements in Fn.c. properly isotopic to F in L. Note that BF is a block in Σ× I
for any F ∈ Fn.c. and either BF = BF ′ or BF ∩BF ′ = ∅ holds for any F, F ′ ∈ Fn.c..
Let K = {Bi} be the set of such blocks. Since X is saturated, any non-empty
H = B•i ∩ B
•
j with i 6= j is contained in L, otherwise y ∈ Y with Σy ⊃ H would
be an irregular element. However a component J of L \
⋃
K is not necessarily a
joint of two blocks in K. In fact, any small neighborhood of J in L may intersect
infinitely many blocks in K. Since X is saturated, J is approached by blocks in
K only from one side, say the (+)-side, see Fig. 2.7 (a). One can construct a new
Figure 2.7. (a) The white dots represent λ(Λ+y ). B is a block of
K with front J . (b) A1, A2 are annuli added to X and B′ is a block
in KJ . F1, F2 are fronts of XJ .
crevasse XJ by attaching narrow horizontal annuli to X along λ(Λ+y ) so that J is
a joint of two blocks in the block set KJ associated to XJ , where y ∈ Y is the
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element with Σy ⊃ J . See Fig. 2.7 (b). Performing similar modifications on X for
Figure 2.8. (a) A is a part of a maximal horizontal open annulus
in L1 meeting infinitely many blocks in K1. (b) F is a front of Xˆ .
all components of L \
⋃
K, we have a crevasse X1 admitting a block complex K1.
Modifying X1 in similar manners in small neighborhoods of all fronts of X1 which
are approached by infinite sequences of blocks in K1 (see Fig. 2.8 (a)), we have our
desired crevasse Xˆ (see Fig. 2.8 (b)). 
3. Block decomposition of geometric limits
Let {ρn : Π −→ PSL2(C)} be a sequence of quasi-Fuchsian representationes con-
verging algebraically to a Kleinian representation ρ∞ and such that {Γn} converges
geometrically to a Kleinian group G, where Π = pi1(Σ) and Γn = ρn(Π). Note that
Γ∞ = ρ∞(Π) is a subgroup of G. Set Nn = H
3/Γn, N∞ = H
3/Γ∞ andM = H
3/G
and denote the convex core of Nn (resp.M) by Cn (resp. C). Let p : N∞ −→M be
the covering associated to Γ∞ ⊂ G. One can take an element µ of ML(Σ) so that
there exists a pleated map fn : Σ −→ Cn realizing µ with right marking, that is,
pi1(fn) = ρn for all n ∈ N∪{∞}. By taking the base points xn of Nn and x∞ ∈M
suitably, we have Kn-bi-Lipschitz maps gn : BRn(xn, Nn) −→ BRn(x∞,M) with
Rn ր∞ and Kn ց 1 and such that {gn ◦ fn} converges uniformly to p ◦ f∞ in M .
It is well know that p ◦ f∞ is not necessarily homotopic to an embedding in M , for
example see Anderson and Canary [1]. However, since fn is homotopic to an em-
bedding into Cn for any n ∈ N, there exists a pi1-injective embedding h : Σ −→ C
contained in an arbitrarily small neighborhood of Image(gn ◦ fn). We suppose that
F0 = h(Σ) is the base surface of C and M . Take a δ > 0 less than a Margulis con-
stant and such that F0∩Mp:thin(δ) = ∅. From now on, for any hyperbolic 3-manifold
N , set Nthin(δ) = Nthin and Nthick(δ) = Nthick for short. If necessary modifying gn
slightly, we may assume that gn(Nn,thin ∩ BRn(xn, Nn)) = Mthin ∩ BRn(x∞,M).
Though Nn contains no parabolic cusps, we need to consider components of Nn,thin
corresponding to parabolic cusps of M . The union of components of Nn,thin meet-
ing g−1n (Mp:thin) non-trivially is denoted by Nn,(p):thin. Set Nn \ IntNn,(p):thin =
Nn,(p):thick. The intersections Cn ∩ Nn,(p):thick and C ∩ Mp:thick are denoted by
Cn,(p):thick and Cp:thick respectively. The convex hulls HΓn of the limit sets Λ(Γn)
converge geometrically to the convex hull HG of Λ(G) (see [14, Corollary 2.2]). Set
Pn = Pn(δ) = Cn ∩ ∂Nn,(p):thin and P = P (δ) = C ∩ ∂Mp:thin and call the pairs
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(Cn,(p):thick, Pn) and (Cp:thick, P ) the pared manifolds in Nn,(p):thick and Mp:thick
respectively. Furthermore, Pn, P are called the parabolic loci of these pared man-
ifolds. Note that the complement ∂Cp:thick \ P is equal to ∂C \Mp:thin, see Fig.
3.1. If necessary modifying gn slightly again, we may assume that g
−1
n maps ∂C \P
Figure 3.1. The union of bold curves and loops is P . The union
of waved curves is ∂C \Mp:thin. Each segment labelled with ‘g.i.’
(resp. ‘g.f.’) represents a geometrically infinite (resp. finite) end of
M .
into ∂Cn \ Pn for all sufficiently large n. In fact, g−1n (∂C \ Pn) is the union of
components of ∂Cn \ Pn with uniformly bounded distance from xn in Nn.
3.1. Ubiquity of pseudo-pleated surfaces. We may assume that any pleated
map f : Σ(σn) −→ Nn meets ∂Nn,thick transversely if necessary deforming f
slightly by a homotopy. Let A be a component of f−1(Nn,thin). Suppose that
each component of ∂A is non-contractible in Σ. Since f |A : A −→ Nn,thin is
pi1-injective and pi1(Nn,thin) is abelian, A is an annulus. Since Nn,thick is locally
convex, if a component l of ∂A is contractible in Σ, then A is a disk bounded by
l. Let Df and Af be the union of disk and annulus components of f−1(Nn,thin)
respectively. Since the closure Σ \ Af is contained in Σ(σn)thick, the diameter
of each component of Σ \ Af is bounded by a constant independent of n. Since
Area(Df ) < Area(Σ) = −2piχ(Σ), there exists a constant 0 < ε < δ depending only
on δ and χ(Σ) such that f(Df )∩N1(Nn,thin(ε)) = ∅. This fact implies that f can be
deformed to a map f ′ : Σ −→ Nn by pushing off f(Df) to IntNn,thick such that the
diameter of f ′(F ) is bounded by a constant independent of n for any component F
of Σ \ Af . Note thatAf :p = (f
′)
−1
(Nn,(p):thick) is a subset of Af = (f
′)−1(Nn,thick)
and f ′(F ′) is a surface in Nn,(p):thick with f
′(∂F ′) ⊂ ∂Nn,(p):thick for any compo-
nent F ′ of Σ \ Af :p. We say that the restriction f
′|Σ \ Af :p is a pseudo-pleated map
and, for any component F ′ of Σ \ Af :p, f ′(F ′) is a pseudo-pleated surface. Since
f(Σ) ⊂ Cn, f ′(F ′) is contained in Cn,(p):thick.
Lemma 3.1. For any R > 0, there exists a constant d = d(R) > 0 independent
of n such that the diameter of any pseudo-pleated surface H in Cn,(p):thick with
H ∩ BR(xn, Nn) 6= ∅ is less than d.
Proof. Note that the number of components of IntH ∩Nn,thin is at most 2(g − 1),
where g is the genus of Σ. Moreover, the diameter of each component of H \Nn,thin
is bounded by a constant independent of n. Since any component Vn of Nn,thin
meeting IntH non-trivially is not contained in Nn,(p):thin, gn|Vn : Vn −→ Mthick
is an embedding onto a Margulis component of Mthin for all sufficiently large n.
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There exist only finitely many Margulis tube components of Mthin which intersect
non-trivially the gn-image of at least one pseudo-pleated surface H as above. Hence
we have a constant c(R) > 0 independent of n such that diam(Vn) < c(R). This
implies the existence of a constant d(R) satisfying our desired condition. 
By an argument similar to that in the proof of [25, Theorem 9.5.13], for any point
y of Cn, there exists a pleated map f : Σ −→ Cn ⊂ Nn with f(Σ)∩IntB1(y,Nn) 6= ∅.
The reason why one can use here the “1-ball” B1(·) is explained in Soma [24, p.
186]. In particular, for any x ∈ Cp:thick and all sufficiently large n, we have a
pseudo-pleated surface Fn in Cn:(p):thick meeting B1(g
−1
n (x), Cn) non-trivially. By
the Ascoli-Arzela` Theorem and Lemma 3.1, {gn(Fn)} has a subsequence converging
geometrically to a proper surface F in Cp:thick with dist(F, x) ≤ 1. Such a surface
is called a pseudo-pleated surface in Cp:thick. Suppose that y is a point of some
component Qn of the parabolic locus Pn = Pn(δ). Then there exists a point z of the
corresponding component Qn(ε) of Pn(ε) such that dist(y, z) is less than a constant
depending only on δ (and ε = ε(δ)). Let f : Σ −→ Cn be a pleated map with
dist(f(Σ), z) ≤ 1. Since f(Df ) ∩ N1(Nn,(p):thin(ε)) = ∅, we have a pseudo-pleated
map f ′| : Σ \ Af :p −→ Cn,(p):thick such that, for some component F
′ of Σ \ Af :p,
the pseudo-pleated surface f ′(F ′) contains a point w of Qn with dist(w, y) ≤ d(δ),
where d(δ) > 0 is a constant depending only on δ. It follows that, for any point x
of any component Q of P = P (δ), there exists a pseudo-pleated surface in Cp:thick
containing a point v ∈ Q with dist(v, x) ≤ d(δ).
3.2. Construction of block decomposition structures. We often replace em-
bedded surfaces by pseudo-pleated surfaces even though they are not necessarily
embeddings. Almost families of pseudo-pleated surfaces considered in this section
are equicontinuous and have subsequences converging to other pseudo-pleated sur-
faces. In order to proceed our argument, we need to restore an embedded surface
from the limit pseudo-pleated surface. Our procedure is represented as follows.
Embedded surfaces −→ pseudo-pleated surfaces
−→ a limit pseudo-pleated surface −→ an embedded surface
Let Hn be a finite set of mutually disjoint surfaces in IntCn homeomorphic to
Σ and such that each component of
⋃
Hn \ IntCn,(p):thick is a properly embedded
surface in Cn,(p):thick and each component of IntCn,(p):thick\
⋃
Hn is homeomorphic
to Σ × (0, 1), where
⋃
Hn denotes the union
⋃
Hα∈Hn
Hα as usual. Let H
(1)
n be
the set of components of
⋃
Hn \ Cn,(p):thick. If H ∈ H
(1)
n has a non-peripheral and
non-contractible (i.e. essential) simple loop l properly isotopic in Cn,(p):thick to a
loop l′ in the parabolic locus Pn. By performing surgery on H along an embedded
annulus A in Cn,(p):thick with ∂A = l ∪ l
′, we have a properly embedded surface
H ′ in Cn,(p):thick homeomorphic to H \ IntN (l) and ∂H
′ \ ∂H ⊂ Pn, where N (l)
is a regular neighborhood of l in H . Repeating the same argument repeatedly, we
have a finite set H
(2)
n of mutually disjoint, properly embedded surfaces in the pared
manifold (Cn,(p):thick, Pn) satisfying the following conditions.
(i) For each element H ′ of H
(2)
n , any essential simple loop in H ′ is not homotopic
in Cn,(p):thick to a loop in Pn.
(ii) Each component of IntCn,(p):thick \
⋃
H
(2)
n is a block, see Fig. 3.2.
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Figure 3.2. The union of bold horizontal segments is Cn,(p):thin.
We may assume that any two elements ofH
(2)
n are not mutually parallel in Cn,(p):thick
if necessary by taking a representative in each mutually parallel class in H
(2)
n .
Each H ′α ∈ H
(2)
n is properly homotopic in Cn,(p):thick to a pseudo-pleated surface
Fα. The set {Fα}H′α∈H
(2)
n
is denoted by Fn. Here, we note that, in general, one
can not detect such a surface Fα with a uniformly bounded distance from H
′
α.
In fact, though the ubiquity of pseudo-pleated surfaces guarantees the existence
of a pseudo-pleated surface F ′α near H
′
α, it does not necessarily imply that F
′
α is
properly homotopic toH ′α in Cn,(p):thick. Set C
◦
p:thick = Cp:thick\P and C
◦
n,(p):thick =
Cn,(p):thick \Pn. The intersection Fα ∩C
◦
n,(p):thick is denoted by F
◦
α, and the family
{F ◦α;Fα ∈ Fn} by F
◦
n.
When J is a proper surface in a 3-manifold properly homotopic to an embedded
surface, we denote the surface by J♭ and the family {J♭α}Jα∈J by J
♭.
Lemma 3.2. Let Jn (n = 1, 2, . . . ) be pseudo-pleated surfaces in Cn,(p):thick each
of which is properly homotopic to an embedded surface and such that {gn(Jn)}
converges to a pseudo-pleated surface J in Cp:thick. Then J is properly homotopic
in Cp:thick to an embedded surface J
♭.
Proof. By some arguments in Freedman, Hass and Scott [11], each Jn is properly
homotopic to an embedding J♭n in Cn,(p):thick contained in an arbitrarily small
neighborhood of Jn and the support of the homotopy is in a small neighborhood Zn
of the union of Jn∪J♭n and all bounded components of Cn,(p):thick \ (Jn∪J
♭
n). From
the ubiquity of pseudo-pleated surfaces, for any x ∈ Zn \ N1(Jn ∪ J♭n), there exists
a pseudo-pleated surface in Cn,(p):thick meeting both B1(x,Nn) and Jn ∪ J
♭
n non-
trivially. By Lemma 3.1, the diameter of Zn is bounded by a constant independent
of n. Fix n ∈ N with Zn ⊂ BRn(xn, Nn). Then J is properly homotopic to an
embedded surface J♭ in gn(Zn) ⊂ Cp:thick. 
The following proposition is a key to the proof of Theorem A.
Proposition 3.3. M ♮ admits a block decomposition.
Proof. By Lemma 3.1 and the Ascoli-Arzela` Theorem, there exists a (possibly
empty) set F of pseudo-pleated surfaces in Cp:thick such that gn(BRn(xn, Nn) ∩⋃
Fn) = BRn(x∞,M) ∩
⋃
F if necessary passing to a subsequence of {gn} and
replacing {Roldn } by some divergence sequence {R
new
n } with 0 < R
new
n < R
old
n . By
Lemma 3.2 together with the least area surface theory in [11], for any Fα ∈ F ,
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there exists an embedded surface F ♭α in Cp:thick such that F
♭
α ∩ F
♭
β = ∅ for any two
distinct elements Fα, Fβ ∈ F .
Since C◦p:thick is homeomorphic to C and hence to M
♮, it suffices to show that
C◦p:thick is divided into blocks along locally finite open g-subsurfaces. Since any finite
union of such blocks is realized as a subspace of Cn ∼= Σ×I via g−1n with sufficiently
large n, by Proposition 2.1 there exists an embedding h :M ♮ ∼= C◦p:thick −→ Σ× I
whose image is the support of a block complex.
First, we will prove that any component B of C◦p:thick \
⋃
F ♭◦ is the support of
a finite block complex. Let F ♭◦n,B be the subset of F
♭◦
n consisting of F
♭◦
α ∈ F
♭◦
n with
F ♭◦α ⊂ BRn(xn, Nn) and gn(F
♭◦
α ) ⊂ Fr(B). Since F
♭◦
n,B consists of mutually non-
parallel surfaces contained in the frontier of a single block, the number of elements
of F ♭◦n,B is bounded by a constant independent of n. Thus, for all sufficiently large
n ∈ N, the images gn(
⋃
F ♭◦n,B) are the same subset of F
♭◦. Since each component
of C◦n,(p):thick \
⋃
F ♭◦n is a block, there exists a subset U
◦
n,B of F
◦
n \ F
◦
n,B such
that
⋃
(F ♭◦n,B ∪ U
♭◦
n,B) excises from C
◦
n,(p):thick a block Bn with Fr(Bn) =
⋃
(F ♭◦n,B ∪
U ♭◦n,B), where we choose U
♭◦
n,B so that
⋃
U ♭◦n,B is contained in an arbitrarily small
neighborhood of
⋃
U◦n,B in C
◦
n,(p):thick. Since U
◦
n,B is not contained in BRn(xn, Nn),
for any R > 0, there exists n0 = n0(R) ∈ N such that NR(Sn)∩U ♭◦n,B = ∅ if n ≥ n0,
where Sn =
⋃
F ♭◦n,B if F
♭◦
n,B 6= ∅ otherwise Sn is the one-point set {g
−1
n (y∞)} for a
fixed y∞ ∈ B. From the ubiquity of pseudo-pleated surfaces, there exists a finite
set W◦n,B of pseudo-pleated surfaces in Bn such that Bn \
⋃
W♭◦n,B contains a block
component B′n as a deformation retract of Bn and satisfying
r1 < dist
(⋃
W◦n,B, Sn
)
< r2 and hence lim
n→∞
dist
(⋃
W◦n,B,
⋃
U ♭◦n,B
)
=∞
for some constants 0 < r1 < r2 independent of n, see Fig. 3.3. In particular, one can
Figure 3.3. The union of vertical red segments is
⋃
U ♭◦n,B and
that of dotted segments is
⋃
W◦n,B.
obtain a finite setWB of pseudo-pleated surfaces in C◦p:thick such that {gn(
⋃
W◦n,B)}
has a subsequence of converging uniformly to
⋃
W◦B. By Lemma 3.2, there exists
a family W♭◦B of properly embedded surfaces in C
◦
p:thick. Then
⋃
W♭◦B excises from
B components adjacent to geometrically infinite ends. In particular, the union E
of these components is homeomorphic to
⋃
W♭◦B × [0,∞). We may choose W
♭◦
n,B
so that gn(
⋃
W♭◦n,B) =
⋃
W♭◦B for all sufficiently large n. Since the diameter of
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Fr(B′n) =
⋃
(F ♭◦n,B ∪ W
♭◦
n,B) is uniformly bounded, as in the proof of Lemma 3.2,
one can show that the diameter of B′n is also uniformly bounded. Fix n ∈ N with
B′n ⊂ NRn(xn, Nn). Then the complement B \ E = gn(B
′
n) is also a block in
C◦p:thick.
Now, we know that the union of F ♭◦ and W♭◦B ’s defines a block decomposition
L on C◦p:thick. Let Bˆ1, . . . , Bˆk be the elements of L meeting F0 essentially, that
is, any surface in C◦p:thick homotopic to F0 intersects Bˆi non-trivially. Our desired
block complex K is obtained from L by replacing {Bˆ1, . . . , Bˆk} by a single block
B0 = Int(Bˆ1 ∪ · · · ∪ Bˆk), which is considered to be the base block of K. 
4. Proof of Theorem A
We will still work with the notation and definitions in Section 3. By Proposition
3.3, there exists an embedding ψ : M ♮ = H3 ∪ Ω(G)/G −→ Σ × I with ψ−1(Σ0 ∪
Σ1) = ∂M
♮ and such that each Xy = X ∩Σy (y ∈ Y = q(X )) is a g-l-subsurfaces of
Σy, where X = Σ× I \ψ(M ♮). Thus X satisfies the condition (i) of Theorem A. If
necessary saturating X , we may assume that the set PX defined as in Subsection 2.3
consists of horizontal annuli in Σ× I. From our construction of the block complex
on M ♮, any element of PX corresponds to a parabolic cusp of M . Throughout this
section, the image ψ(M ♮) = Σ× I \ X is denoted by L.
Lemma 4.1. X satisfies the condition (ii).
Proof. Let F be any non-peripheral front of X . If F were homeomorphic to an
open pair of pants, then a pleated map F −→ M corresponding to the inclusion
of F to the closure L of L in Σ × I \ PX would be a totally geodesic embedding
the image of which excises from M a submanifold E facing a geometrically finite
end. This means that E is adjacent to a component of ∂M ♮, which contradicts that
ψ−1(Σ0 ∪ Σ1) = ∂M ♮. 
Proof of Theorem A. To complete the proof, it remains to show that X satisfies
the condition (iii).
For the proof, we use the fact that any parabolic cusps of M are not parallel to
each other. Since each component of PX corresponds to a parabolic cusp of M , it
suffices to show that any component ly of λ(Λ
ε
y) \Fr(Xy) (ε = ±) corresponds to a
parabolic cusp of M . If ly ∩ Λ
+
y 6= ∅, then by Lemma 2.2 (and Remark 2.3), ly is
contained in an element of PX , and hence M has a parabolic cusp corresponding
to ly. Thus we may assume that ly ∩Λ+y = ∅. Then there exists a sequence {Hn} of
vertical open g-subsurface in L with Fr(Hn) ⊂ X approaching to ly and such that
any two Hn, Hm of them are not properly homotopic to each other in L, see Fig.
4.1 (a).
We suppose that M does not have a parabolic cusp corresponding to ly and
introduce a contradiction.
First consider the case when there exists a geodesic loop λ in M corresponding
to a g-loop ly¯ in L∩Σ×(y, 1] parallel to ly in L. If necessary retaking δ > 0, we may
assume that λ∩Mp:thin = ∅. Let fn : Hn −→M be a pleated surface corresponding
to the inclusion Hn ⊂ L and with fn(Hn) ⊃ λ. By the Ascoli-Arzela` Theorem,
there exists an open g-subsurface J of Σ and an embedding in : J −→ Hn such that
Jn = in(J) is an open g-subsurface of Hn containing the g-loop ly,n := (ly){yn} in
Hn and {fn ◦ in} is a sequence of proper maps to (M,Mthin) converging uniformly
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Figure 4.1.
a continuous proper map if necessary passing to a subsequence. In particular, there
exists n0 ∈ N, such that fn ◦ in (n ≥ n0) are homotopic to each other in M . This
implies that the open g-subsurfaces Jn of Hn are horizontally parallel to each other
in L. It follows that L contains a block B of the form Jˆ(y,y+ε) for a sufficiently
small ε > 0 (see Fig. 4.1 (b)), where Jˆ = prhz(in(Jn)) is an open g-subsurface of
Σ containing prhz(ly) and independent of n ≥ n0. This contradicts that ly is a
component of λ(Λ+y ) \ Fr(Xy).
Next consider the case when there exists a component P ofMp:thin corresponding
to a horizontal annulus or a g-loop in X ∩ Σ × (y, 1] parallel to ly in L. Then one
can again have a contradiction by considering pleated maps f ′n : Hn \ ly,n −→ M
instead of fn as above such that small neighborhoods of the both ends of Hn \ ly,n
adjacent to ly,n are mapped into P . This completes the proof of Theorem A. 
5. Proof of Theorem B
In Subsection 5.1, we give the definition of efficient pleated surfaces. Subsection
5.2 presents several sequences of Kleinian groups which give geometric limits G
and G′ in two manners. In Subsection 5.3, we show that (i) H3 ∪ Ω(G)/G have a
topological type desired in Theorem B, (ii) G = G′ and (iii) G′ is a geometric limit
of quasi-Fuchsian groups.
We say that a sequence {an} in a metric space A subconverges to a ∈ A if {an}
has a subsequence converging to a. For simplicity, such a subsequence is denoted
again by {an}.
5.1. Length of measured laminations and efficient pleated maps. Let F
be either Σ itself or an open g-subsurface of Σ. For any µ ∈ ML0(F ) and
σ ∈ Teich(F ), we have g-loops ln in F (σ) and tn > 0 such that the sequence
{tnln} of weighted loops converges to µ in ML0(F ). Then there exists the limit
lengthF (σ)(µ) = limn→∞ tnlengthF (σ)(ln), called the length of µ in F (σ), which
is independent of the choice of a sequence {tnln} converging to µ. According to
Bonahon [6, Proposition 4.5], for µ = limn→∞ tnln, µ
′ = limn→∞ t
′
nl
′
n ∈ ML0(F ),
the geometric intersection number i(µ, µ′) is well defined by limn→∞ tnt
′
ni(ln, l
′
n),
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where i(ln, l
′
n) is the cardinality of ln ∩ l
′
n when they meet each other transversely
and otherwise i(ln, l
′
n) = 0.
Lemma 5.1. Suppose that F has a completed hyperbolic structure σ with finite
area and H is a proper open g-subsurface of F . Let ν be a measured lamination in
H. Then, for any connected measured lamination µ in F with i(µ, ν) 6= 0, there
exists a measured lamination µ′ in H independent of σ ∈ Teich(F ) with i(µ′, ν) 6= 0
and
lengthH(µ
′) ≤ i(µ,Fr(H))lengthF (σ)(Fr(H)) + 2lengthF (σ)(µ),
where H are supposed to have the incomplete hyperbolic metric induced from F (σ).
Proof. If µ ⊂ H , then we may set µ′ = µ. If not, µ meets Fr(H) transversely and
non-trivially. Since µ is connected, each leaf of µ intersects Fr(H). In particular, a
leaf s in µ|H with s∩ν 6= ∅ is an open geodesic arc with s∩Fr(H) 6= ∅, where s is the
closure of s in F . Let c be the union of components of Fr(H) meeting s non-trivially.
The c consists of one or two g-loops in F . Let α be the union of all leaves in µ|H
properly homotopic to s in H , and let s0 be the shortest geodesic arc in the proper
homotopy class of s. The closure s0 of s meets c orthogonally in two points. If we
set t = i(α, c), then t ≤ i(µ, c) and lengthH(ts0) ≤ 2lengthH(α) ≤ 2lengthF (µ).
Since H contains the measured lamination ν, H is not an open pair of pants. It
follows that, for a small regular neighborhood N of s0∪c in F ∪c, ∂N ∩H contains
at least one non-peripheral loop b in H . Let λ be the g-loops in H homotopic to b.
The λ is supposed to be a measured lamination with the counting measure. Then
one can choose the b so that i(λ, ν) ≥ i(s0, ν), see Fig. 5.1. If we set µ′ = (t/2)λ,
Figure 5.1. The case when ν is a closed geodesic. In (a), i(λ, ν) =
i(s0, ν) = 2. In (b), i(λ, ν) = 2, i(s0, ν) = 1.
then i(µ′, ν) = (t/2)i(λ, ν) ≥ (t/2)i(s0, ν) 6= 0. Moreover,
lengthF (µ
′) =
t
2
lengthF (λ)
<
t
2
· 2(lengthF (c) + lengthH(s0))
≤ i(µ, c)lengthF (c) + 2lengthF (µ).
This implies our desired inequality. 
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Let M be a hyperbolic 3-manifold admitting a proper homotopy equivalence
h : F −→M , called a marking. The marking h induces the holonomy ρ : pi1(F ) −→
PSL2(C). If a connected measured lamination µ in F is not realizable in M by
any pleated map properly homotopic to h, then we set lengthρ(µ) = 0. If there
exists a pleated map fµ : F (σ) −→ M properly homotopic to h and realizing
µ, then we set lengthρ(µ) = lengthF (σ)(µ). Since fµ : Σ(σ) −→ M is arcwise
isometric, lengthρ(µ) represents the length of a measured lamination µ = fµ(µ)
in M , that is, lengthρ(µ) = lengthM (µ). If ν ∈ ML0(F ) is decomposed to the
sum of connected sublaminations ν = µ1 + · · · + µn, then we set lengthρ(ν) =
lengthρ(µ1) + · · ·+ lengthρ(µn).
Consider a sequence {ρn : pi1(F ) −→ PSL2(C)} of faithful discrete representa-
tions transferring any peripheral element of pi1(F ) to a parabolic element. In the
case when F 6= Σ, fix a complete hyperbolic structure σ on F of finite area. Let
λ be a disjoint union of finitely many simple geodesic lines in F (σ) such that each
component of F (σ)\λ is an open ideal triangle. The λ is regarded as a ‘lamination’
in F (σ) with non-compact support. In the case when F = Σ, consider a g-loop l
in Σ with d = infn{lengthρn(l)} > 0, see [27, Proposition 4.2]. Let λ
′ be a disjoint
union of finitely many simple geodesics lines in Σ \ l such that each component of
Σ \ l ∪ λ′ is an open ideal triangle. Then λ = l ∪ λ′ is a geodesic lamination in Σ
consisting of a single compact leaf l and finitely many non-compact leaves spiraling
around l. Let fλ,n : F (σn) −→ Nn = H
3/ρn(pi1(F )) be a pleated map realizing λ.
According to [27, Theorem 3.3], there exists a constant C = C(d) > 0 depending
only on d and a continuous non-negative function aλ :ML0(F ) −→ R depending
only on λ such that, for any µ ∈ ML0(F ) and n ∈ N,
(5.1) lengthρn(µ) ≤ lengthF (σn)(µ) ≤ lengthρn(µ) + Caλ(µ).
This inequality is very useful for examining whether a given sequence {ρn} has an
algebraically convergent subsequence. We say that these fλ,n are efficient pleated
maps for {ρn}.
5.2. Construction of approaching Kleinian groups. Throughout the remain-
der of this section, we fix a crevasse X satisfying the conditions same to those on
Xˆ of Lemma 2.6 and set S = Σ0 ∪Σ1 \ X . Moreover, as in Subsection 2.2, we may
assume that any non-peripheral front of X is not in Σ0 ∪ Σ1. Let PX be the set
of horizontal annuli in X defined in Subsection 2.3. As is suggested in Fig. 2.7 (b)
and 2.8 (b), for any component l of λ(Λεy) (y ∈ Y, ε = ±), there exists an element
of PX containing l as an edge.
Any Kleinian 3-manifoldN ♮ = H3∪Ω(Γ)/Γ treated in this section has a marking
from a subset L′ of Σ × I with L′ ⊃ Σ1/2 ∪ S and such that a continuous map
fN : Σ −→ N corresponding the the inclusion Σ1/2 ⊂ L
′ is pi1-injective and there
exists the union ∂SN
♮ of components of ∂N ♮ corresponding to S. Moreover, there
exists a full measured lamination µ on Σ without compact leaves which is taken
commonly for all N and such that fN is homotopic to a pleated surface fN,µ
realizing µ in N . We always take the base point x of N in Image(fN,µ). If p :
N1 = H
3/Γ1 −→ N = H3/Γ is a locally isometric covering between hyperbolic
3-manifolds such that p ◦ fN1 is homotopic to fN , then p ◦ fN1,µ = fN,µ. Thus one
can choose the base point x1 of N1 so that p(x1) = x. The covering p is naturally
extended to that over N ♮. Since Ω(Γ) ⊂ Ω(Γ1), the total space H3 ∪ Ω(Γ)/Γ1
of p♮ is a subset of N ♮1 = H
3 ∪ Ω(Γ1)/Γ1. In general, its boundary Ω(Γ)/Γ1 is a
22 TERUHIKO SOMA
proper subset of ∂N ♮ = Ω(Γ1)/Γ1. However, for any covering p considered below,
Ω(Γ)/Γ1 contains ∂SN
♮
1 as a union of components and the restriction p
♮|∂SN
♮
1 is
a marking-preserving homeomorphism to ∂SN
♮. The following diagram represents
the situation.
∂SN
♮
1
inclusion
−−−−−→ Ω(Γ)/Γ1
inclusion
−−−−−→ ∂N ♮1y∼= yp♮|Ω(Γ)/Γ1
∂SN
♮ inclusion−−−−−→ Ω(Γ)/Γ
By Lemma 2.6, L = Σ × I \ X admits a block decomposition K∞ =
⋃∞
n=1Kn
such that any maximal horizontal open annulus in L meets only finitely many
blocks in K∞, where Kn’s are finite block complexes with Kn ⊂ Kn+1, possibly
Kn = Kn+1 = · · · for some n ∈ N if pi1(L) is finitely generated. One can also
suppose that all blocks of K∞ containing components of S belong to K1. The
support of Kn is denoted by Ln. Then the union
⋃∞
n=1 Ln is equal to L.
Let Pn be the subset of PX consisting of elements meeting the closure Ln in Σ×I
nontrivially and let Zn be the set of components of ∂Ln \
⋃
Pn. By the condition
(ii) of X , each element of Zn not in S is either a non-peripheral front of X or a
joint of a block in Kn and that in K∞ \ Kn. Let Jn be the subset of Zn consisting
of such joints. Each element of Zn \ Jn is not an open pair of pants, but Jn may
contain them. Let Tn be the subset of Jn consisting of elements homeomorphic to
open pair of pants. Thus we have
Zn ⊃ Jn ⊃ Tn.
For any non-peripheral element Fj of Zn \ Tn, take a full measured lamination µj
on Fj without compact leaves arbitrarily and a k-sequence {l
(k)
j } of g-loops in Fj
such that the k-sequence {t
(k)
j l
(k)
j } converges to µj in ML0(Fj) for some t
(k)
j > 0
(k ∈ N). For any peripheral front Sa of X , take a conformal structure σa on Sa
arbitrarily. By the condition (iii) of X , it is not hard to show that
Q(k)n = Σ× I \
⋃(
Pn ∪ P
(k)
n
)
is atoroidal for all sufficiently large k ∈ N, where P
(k)
n is the set of g-loops l
(k)
j as
above, see Fig. 5.2. According to Thurston’s Uniformization Theorem for atoroidal
Haken manifolds (see Kapovich [13] for the complete proof), Q
(k)
j admits a geomet-
rically finite Kleinian structure such that each component of ∂Q
(k)
j corresponding
to a peripheral element Sa ∈ Zn has the conformal structure σa. Moreover, the set
of parabolic cusps of Q
(k)
j corresponds to Pn ∪ P
(k)
n bijectively. Let {F1, . . . , Fs}
be the set of non-peripheral elements of Zn \ Tn. By performing hyperbolic Dehn
surgery on Q
(k)
n along l
(k)
1 , . . . , l
(k)
s of type (1, uk) with sufficiently large uk ∈ N,
one can have a geometrically finite Kleinian manifold N
(k)♮
n without changing the
conformal structure on ∂Q
(k)
n = ∂N
(k)♮
n and such that the geodesic loops l
(k)
j in the
hyperbolic 3-manifold N
(k)
n corresponding to l
(k)
j satisfy limk→∞ length(l
(k)
j ) = 0.
Since Ln is a subset of Σ×I disjoint from
⋃(
Pn∪P
(k)
n
)
, one naturally suppose that
Ln is a subset of N
(k)♮
n such that Ln ∩ ∂N
(k)♮
n = ∂SN
(k)♮
n . Note that the inclusion
of Ln to N
(k)♮
n is pi1-injective. Let p
(k)
n : N˜
(k)
n −→ N
(k)
n be the locally isometric
covering associated with pi1(Ln) ⊂ pi1(N
(k)♮
n ) and ρ
(k)
n : pi1(Ln) −→ PSL2(C) the
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Figure 5.2. Each bold horizontal segment represents an element
of Pn, and each vertical dotted segment with two bold dots does
either a non-peripheral front of X or an element of Jn \ Tn. Tk, Tl
are elements of Tn. Sa, Sb are peripheral fronts of X .
holonomy of N˜
(k)
n . In particular, N˜
(k)
n is extended to a Kleinian manifold N˜
(k)♮
n
which can be identified with H3∪Ω(Γ
(k)
n )/Γ
(k)
n , where Γ
(k)
n = Image(ρ
(k)
n ). Let L˜
(k)
n
be a proper core of N˜
(k)♮
n such that p
(k)♮
n |L˜
(k)
n is a proper embedding to Ln such
that p
(k)♮
n (L˜
(k)
n ) is a proper deformation retract of Ln.
Lemma 5.2. The k-sequence {ρ
(k)
n } subconverges strongly to a Kleinian represen-
tation ρn as k →∞.
Proof. From our construction, the end of N˜
(k)
n corresponding to Fj has the geodesic
loop l˜
(k)
j with p
(k)
n (l˜
(k)
j ) = l
(k)
j . From the fact that limk→∞ length(l˜
(k)
j ) = 0 together
with arguments in Ohshika [21], the sequence {ρ
(k)
n } subconverges algebraically to
a Kleinian representation ρn as k → ∞ such that the end of N˜n = H3/Γn cor-
responding to Fj is geometrically infinite and the its ending lamination coincides
with the support of µj , where ρn(pi1(Ln)) = Γn. Moreover, ∂N˜
♮
n = ∂SN˜
♮
n is con-
formally equivalent to ∂SN˜
(k)♮
n for all sufficiently large k. Then one can show that
the k-sequence {ρ
(k)
n } subconverges strongly to ρn by applying Thurston’s Covering
Theorem [25, Theorem 9.2.2]. 
Since Ln is a pi1-injectively embedded subset of Lm for anym,n ∈ N with n ≤ m,
one can suppose that pi1(Ln) is a subgroup of pi1(Lm). The subgroup ρm(pi1(Ln))
of Γm = ρm(pi1(Lm)) is denoted by Γm;n, and the restriction ρm|pi1(Ln) by ρm;n.
Let pm;n : N˜m;n = H
3/Γm;n −→ N˜m be the locally isometric covering associated
with Γm;n ⊂ Γm.
Lemma 5.3. For each n ∈ N, the m-sequence {ρm;n}m≥n subconverges alge-
braically to a Kleinian representation ρ∞;n as m→∞.
Proof. For any non-peripheral element Fj of Zn, let fm;j : Fj(σm;j) −→ N˜m;n be an
efficient pleated surface facing to the end of N˜m;n corresponding to Fj . Here we will
show that the closure of the m-sequence {σm;j} in ML0(Fj) is compact. For the
proof, suppose contrarily that {σm;j} subconverges to [µ′] ∈ ∂Teich(Fj) = PL0(Fj)
as m→∞ and introduce a contradiction.
Fix a component µ of µ′. When Fj ⊂ Σv, let A−(µ) = µ[u,v], A
+(µ) = µ[v,w]
be subspaces of Σ × I such that (i) µ(u,v), µ(v,w) are subsets of L and (ii) A
±(µ)
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are maximal among all µ[·,v], µ[v,·] satisfying (i). Set µ
− = A−(µ) ∩ Σu and µ+ =
A+(µ) ∩ Σw. One can suppose that µ+ is neither contained in an element of PX
nor equal to the fixed lamination µt of a non-peripheral front Ft of X , otherwise
we may use µ− instead of µ+. It suffices to consider the following three cases.
Case 1. µ+ meets a component P of PX nontrivially.
From our assumption as above, µ+ meets P transversely. By Lemma 2.6, A+(µ)
passes through only finitely many proper vertical surfaces Hl (l = 0, 1, . . . , 2a) in
L with H0 = Fj such that prhz(H2i−1) is a component of prhz(H2i−2) ∩ prhz(H2i)
for i = 0, 1, . . . , a, see Fig. 5.3. For all m sufficiently larger than n, Lm con-
Figure 5.3.
tains H0 ∪ · · · ∪ H2a. Let gm;i : Hi(τm;i) −→ N˜m (i = 0, 1, . . . , 2a) be an ef-
ficient pleated surface corresponding to Hi ⊂ Lm with gm;0 = pm;n ◦ fm;j and
τm;0 = σm;j . Since lengthN˜m(P ) = lengthN˜m(Fr(H2a−1)) = 0, by (5.1), both
lengthτm;2a(P ) and lengthτm;2a(c2a−1) are uniformly bounded by constants inde-
pendent of m, where c2a−1 is the disjoint union of g-loops in H2a parallel to
Fr(H2a−1) in L. By Lemma 5.1, there exists a measured lamination λ2a in H2a
with prhz(λ2a) ⊂ prhz(H2a−1) and such that lengthτm;2a(λ2a) is uniformly bounded
and i(µ, λ2a) 6= 0. Since prhz(H2a−2) ⊃ prhz(H2a−1), H2a−2 has a measured lam-
ination λ2a−2 with prhz(λ2a−2) = prhz(λ2a). Again by (5.1), lengthτm;2a−2(λ2a−2)
is uniformly bounded. By repeating the same argument a times, we have a mea-
sured laminations λ0 in H0 = Fj such that lengthσm;j (λ0) is uniformly bounded
by a constant independent of m and i(µ, λ0) 6= 0. This contradicts that {σm;j}
subconverges to [µ] as m→∞, for example see [27, Theorem 2.2].
Case 2. µ+ is contained in a non-peripheral front Ft of X nontrivially.
Since the support of µt is the ending lamination of the end of N˜m corresponding
to Ft for all m, lengthN˜m(µt) = 0. Thus one can introduce a contradiction by an
argument quite similar to that in Case 1.
Case 3. µ+ is contained in Σ× {−1, 1}.
Then µ+ is a measured lamination of some peripheral font S of X . Since the
conformal structure on the component of ∂SN˜
♮
m corresponding to S is fixed, the
length of any geodesic loop in N˜m parallel to a simple loop in S is uniformly
bounded. Thus, also in this case, one can obtain a contradiction.
The results in Cases 1-3 imply that, for each j, the closure of the m-sequence
{σm;j} inML0(Fj) is compact. By Thurston’s Relative Boundedness Theorem [28,
Theorem 3.1], the m-sequence {ρm;n}m≥n subconverges algebraically to a Kleinian
representation ρ∞;n. 
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Suppose that {ξn : Λ −→ PSL2(C)} is a sequence of Kleinian representations
converging algebraically to ξ. We say that ξ(λ) with λ ∈ Λ is an accidental parabolic
element with respect to {ξn} if ξ(λ) itself is parabolic, but ξn(λ) is not so for all
sufficiently large n ∈ N.
Lemma 5.4. The convergence {ρm;n}m≥n → ρ∞;n as m→∞ is strong.
Proof. If not, by Anderson and Canary [3, Corollary 3.3], there would exist an
element γ ∈ pi1(Ln) such that ρ∞;n(γ) is an accidental parabolic element. It is
well known that the element γ is represented by a g-loop ln in some element Fj of
Zn. Since any non-peripheral element of Zn \ Jn corresponds to a geometrically
infinite end of N˜∞,n with an ending lamination without compact leaves, Fj either
is peripheral or belongs to the joint set Jn. Since ρm¯;n = ρm¯;m|pi1(Ln) for any
m¯ ≥ m ≥ n + 1, ρ∞;n = ρ∞;m|pi1(Ln). Hence, for any m ≥ n, N˜∞,m has the
accidental parabolic Z-cusp corresponding to a g-loop lm which is parallel to ln
in Lm and either peripheral or contained in some element of Jm. Since our block
complex satisfies the finiteness property given in Lemma 2.6, by repeating this
argument finitely many times, one can show that ln is parallel in L to a g-loop l∞
in a component S of S. Since the marked conformal structure on the component
Sm;n of ∂N˜
♮
m;n corresponding to S is fixed, ∂N˜
♮
∞;n also has the component S∞;n with
the same marked conformal structure. In particular, N ♮∞;n has no parabolic cusps
adjacent to S∞;n. This contradiction implies our desired strong convergence. 
5.3. Proof of Theorem B. Since ρ∞;n = ρ∞;n+1|pi1(Ln), Γ∞;n = ρ∞;n(pi1(Ln))
is a subgroup of Γ∞;n+1 = ρ∞;n+1(pi1(Ln+1)) for any n ∈ N. This implies that the
union G =
⋃
n≥1 Γ∞;n is a geometric limits of the n-sequence {Γ∞;n}. If necessary
passing to a subsequence, we may assume that {Γm} converges geometrically to a
Kleinian group G′ asm→∞. Since them-sequence {Γm;n} converges algebraically
to Γ∞;n and Γm;n ⊂ Γm, Γ∞;n is a subgroup of G′ for any n ≥ 1 and hence G is
also a subgroup of G′.
The proof of Theorem B is completed by the following three propositions.
Proposition 5.5. M ♮ = H3 ∪Ω(G)/G is homeomorphic to L = Σ× I \ X .
Proof. We use standard arguments of the least area surface theory in [11] again.
Since the m-sequence {ρm;n} converges strongly to ρ∞,n by Lemma 5.4, N˜ ♮∞;n
has a proper core L˜∞;n such that L˜∞;n ∩ N˜
♮
∞;n,p:thick is mapped via a marking-
preserving bi-Lipschitz map to a submanifold of N˜ ♮m;n,p:thick properly homotopic
to L˜m;n ∩ N˜
♮
m;n,p:thick, where L˜m;n is a proper core of N˜
♮
m;n. For any positive
integers n, n¯ with n ≤ n¯, let qn¯;n : N˜∞;n −→ N˜∞;n¯ be the covering associated
with Γ∞;n ⊂ Γ∞;n¯ and q∞;n : N˜∞;n −→M the covering associated with Γ∞;n ⊂ G.
Modify the hyperbolic metric onMp:thick in a small collar neighborhood of ∂Mp:thick
so that ∂Mp:thick has non-negative mean curvature inMp:thick. Suppose that Wn =
q−1∞;n(Mp:thick) has the Riemannian metric induced from that onMp:thick. SinceWn
is a deformation retract of N˜n;∞, we may assume that Wn∩ L˜n;∞ is a compact core
of L˜n;∞ and L˜n;∞ \Wn consists of parabolic cusps. By [11], we may also assume
that, for any non-peripheral component Fn;j of Fr(L˜n;∞), Fn;j ∩ Wn is a least
area surface in its proper homotopy class. For any n¯ ≥ n and Fn¯,j = qn¯;n(Fn;j),
Fn¯;j∩Wn¯ are also least area surfaces inWn¯ properly homotopic to mutually disjoint
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embedded surfaces in L˜n¯;∞ ∩Wn¯. Again by [11], Fn¯;j are also mutually disjoint
embedded surfaces in N˜n¯;∞ and hence F∞;j = q∞;n(Fn;j) are so in M . Then the
family {F∞;j}j determines a block decomposition onM ♮ such that the supportM ♮
of the decomposition is homeomorphic to L. 
Proposition 5.6. G = G′.
Proof. Let p : M −→ M ′ be the covering associated with G ⊂ G′, where M ′ =
H3/G′. By Proposition 5.5, ∂M ♮ = ∂SM
♮. Since ∂SN˜
♮
m is the union of components
of ∂N˜ ♮m which exist permanently for all m, we have ∂M
′♮ = ∂SM
′♮. Hence, if S
is nonempty, then p extends to a homeomorphism from ∂M ♮ to ∂M ′♮. It follows
that p is also homeomorphism. Thus it suffices to consider the case when S = ∅,
or equivalently both M,M ′ have no geometrically finite ends.
Take a parabolic cusp P0 of M . For any sufficiently large n, N˜∞;n has a unique
parabolic cusp P1 covering P0. Since Γ∞;n has no accidental parabolic elements
with respect to the strong convergence of {ρm;n}, for any sufficiently m, N˜m;n has
a unique cusp P2 corresponding to P1 which in turn maps to a parabolic cusp of
P3 of N˜m. Since {Γm} converges geometrically to G′, M ′ has a unique cusp P4
corresponding to P3. Since the inclusion Γm;n ⊂ Γm is derived from Ln ⊂ Lm, the
correspondence P1 7→ P2 are injective. Moreover, it follows from the fact that the
other correspondences are defined via bi-Lipschitz maps, that distinct parabolic
cusps P0 of M correspond to distinct parabolic cusps P4 of M
′. It follows that
p : M −→ M ′ defines an embedding from the union of parabolic cusps of M into
that of M ′. So, if p−1(P4) had a component B other than P0, then B would be
a horoball. Since M does not have geometrically finite ends, there would exist a
pleated surface F in M passing through a point of IntB arbitrarily far from ∂B by
the ubiquity of pleated surfaces in convex cores. This implies that F would contain
a hyperbolic disk of arbitrarily large diameter, a contradiction. Thus the restriction
of p on p−1(P4) is a homeomorphism onto P4, and hence the covering p is also a
homeomorphism. 
Proposition 5.7. G′ is a geometric limit of algebraically convergent quasi-Fuchsian
groups.
Proof. The group G′ is geometrically approximated by Γm and hence by Γ
(k)
m for
all sufficiently large m and k. Take an integer R > 0 arbitrarily. Any element Tl
of Tm is realized as a totally geodesic surface in M ′. For all sufficiently large m,
all such totally geodesic surfaces do not intersect BR(x′∞,M
′). Pleated surfaces
F
(k)
j realizing the g-loop l
(k)
j for j = 1, . . . , s and totally geodesic surfaces T
(k)
l
in N
(k)
m corresponding to Tl ∈ Tm eventually leave BR(xm,k, N
(k)
m ) as k,m → ∞.
Since the component of N
(k)
m \
(⋃
F
(k)
j
)
∪
(⋃
T
(k)
l ) containing xm,k is lifted to
N˜
(k)
j (see Fig. 5.2), the restriction of p
(k)
m to BR(x˜m,k, N˜
(k)
m ) is an isomorphism
onto BR(xm,k, N
(k)
m ). This implies that Γ
(k)
m is geometrically approximated by a
geometrically finite Kleinian group Λ
(k)
m such that N
(k)
m is isometric to H3/Λ
(k)
m .
Applying the Maskit Second Combination Theorem [16, Theorem E.5], one can
obtain a new hyperbolic 3-manifold N̂
(k)
m = H3/Λ̂
(k)
m which replaces each Z-cusp of
N
(k)
m by a Z × Z-cusp without changing the part BR(x
(k)
m , N
(k)
m ) so that the new
manifold is homeomorphic to Σ × I minus finitely many g-loops in Int(Σ × I).
GEOMETRIC LIMITS OF QUASI-FUCHSIAN GROUPS 27
By performing hyperbolic Dehn surgeries along the parabolic cusps of N̂
(k)
m of type
(1, uk) with sufficiently large uk, we know that Λ̂
(k)
m and hence Λ
(k)
m are geometrically
approximated by a quasi-Fuchsian group ΛR admitting a representation ζR : Π −→
PSL2(C). This shows that {ΛR} converges geometrically to G as R → ∞. From
our construction, {ζR} converges algebraically to the restriction ρ∞;n|Π, which is
independent of n. This completes the proof of Proposition 5.7 and hence that of
Theorem B. 
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